Mass-varying massive gravity allows the graviton mass to vary according to different environments. We investigate neutron star and white dwarf solutions in this theory and find that the graviton mass can become very large near the compact stars and settle down quickly to small cosmological values away the stars, similar to that of black holes in the theory. It is found that there exists a tower of compact star solutions where the graviton mass decreases radially to zero non-trivially. We compute the massive graviton effects on the mass-radius relations of the compact stars, and also compare the relative strengths between neutron stars and white dwarfs in constraining the parameter space of mass-varying massive gravity.
I. INTRODUCTION
Recent advances in astrophysics, particularly the arrival of gravitational wave astronomy [1, 2] , have provided fresh new opportunities to test gravity in the strong field regime with compact astronomical objects. Whilst in Einstein gravity the graviton is massless, an interesting class of alternative theories of gravity is to let the graviton become massive [3] [4] [5] [6] . See [7] [8] [9] for a recent review on recent developments in constructing massive gravity and bi-gravity models [3] [4] [5] [6] that are free of the Boulware-Deser ghost [10] and their applications. Typically, the graviton mass is set to be close to the current Hubble scale [11] , as one of the main phenomenological applications of these models is to explain the late time cosmic acceleration [12, 13] . For such a small graviton mass, or such a long Compton wavelength, simple dimension analysis suggests that these models can be best constrained by large scale or cosmological observations, although sometimes the solar system gravity tests may achieve comparable bounds, thanks to their superb accuracy [11] .
However, the graviton mass does not have to be uniformly small across the whole spacetime. In massvarying massive gravity [14, 15] , the original de Rham-Gabadadze-Tolley (dRGT) model [4] is augmented with an extra environmental scalar field and the graviton mass now depends on the environmental field, which can take different values in various different astrophysical environments. In [16] , it is shown that the graviton mass can become extremely large near the event horizon of the hairy black hole in mass-varying massive gravity [17] , while setting down to the small cosmological value away from the horizon, thus satisfying all the current tests of gravity and yet still giving rise to interesting deviations from general * sunxue@mail.ustc.edu.cn † zhoushy@ustc.edu.cn relativity that are testable in the current and upcoming experiments. An important feature of those hairy black holes is that because of the rapid increase of the graviton mass near the horizon, there is an extra potential barrier to the left of the photosphere barrier in the modified Regge-Wheeler-Zerilli equation, and this can lead to gravitational wave echoes [18, 19] in the late time ringdown waveform when the black hole is perturbed [16] . The detection of gravitational waves from neutron star mergers [2] has added a new dimension to our ability to unravel the nature of strong gravity and the structure of relativistic compact stars. Neutron star solutions have been previously investigated in the original dRGT model [20] and in bi-gravity [21] with a graviton mass that is much greater than typical cosmological scales. Relativistic star solutions in dRGT-like models with a singular reference metric have also been studied [22, 23] .
In this paper, we will further investigate the compact star solutions in mass-varying massive gravity. We will compute the neutron star and white dwarf solutions, using the APR [24] and SLy [25] equations of state for neutron stars and the Chandrasekhar equation of state for white dwarfs, and analyze the behavior of the graviton mass near compact stars. We will study how the effects of a varying graviton mass affect the mass-radius diagram of compact stars and compare the relative strengths of neutron stars and white dwarfs in constraining the parameter space of mass-varying massive gravity.
The paper is organized as follows: We introduce massvarying massive gravity in Section II, and in Section III, we reduce the field equations into a system of ordinary differential equations for compact stars and describe our numerical setup; In Section IV, we set up the equations of state for neutron stars, compute their solutions and investigate how the mass-radius diagrams change with the model parameters; In Section V, we investigate the white dwarf solutions and compare the relative strengths of neutron stars and white dwarfs in constraining the parameters in mass-varying massive gravity; We conclude in Section VI. We shall use geometric units which set c = G = 1 and express dimensionful quantities in terms of kilometers.
II. MASS-VARYING MASSIVE GRAVITY
Mass-varying massive gravity (MVMG) [14] is extended dRGT massive gravity [4] where the mass of the graviton can vary according to the value of a scalar field in different environments. Its action is given by
where S m is the action of the conventional matter which only couples to the dynamic metric g µν and the dRGT graviton potential is given by
being the inverse metric and η = (η µν ) being the Minkowski metric. The anti-symmetrization is defined with unit weight, e.g.,
There are of course many choices for V (σ) and W (σ), which are functions of the environment scalar field σ. We consider a simple model where these potentials are [16] 
where m 0 is chosen to be at most of the order of the Hubble scale, potentially generating the late time cosmic acceleration. For star solutions, which are well within the Hubble horizon, we can safely neglect the m 2 0 term. The σ 6 term, where λ σ is small, is added for the stability of the vacuum and can be neglected for local star solutions [16] . So apart from α 3 and α 4 , the essential theory parameters are m and m σ , the dependence of which will be explored for the compact stars in the next sections.
The equations of motion for this model are given by
where V σ = dV /dσ, W σ = dW/dσ, T µν is the energy momentum tensor from S m ,
and
α and β are related to α 3 and α 4 by
III. SETUP
We consider a static and spherically symmetric Ansatz for the scalar field σ = σ(r) and for the metric ds 2 = −a(r)dt 2 + 2b(r)drdt + e(r)dr 2 + d(r)dΩ 2 , (9)
Plugging these into the Einstein tensor, the nonzero components are
where denotes a derivative with respective to the radius r and by symmetry we have G φ φ = G θ θ . The matter energy momentum tensor is taken to be a perfect fluid
where ρ is the matter energy density, p is the matter pressure and u µ is the 4-velocity of the perfect fluid, which, in the static case, is determined completely by the normalization g µν u µ u ν = −1. Then the non-trivial components of the matter energy momentum tensor are
On the other hand, the nonzero components of the energy-momentum tensor generated by the scalar σ are
and the nonzero components of the effective energymomentum tensor from the massive graviton are
where K 3 = βk 2 3 + 2αk 3 + 1 and k 1 , k 2 and k 3 are the eigenvalues of matrix K µ ν , explicitly given by
with n = 2/( (a + e) 2 − 4c + a − e) and c = b 2 + ae. From the r t component of the modified Einstein equation, because of G r t = T r t = T (σ)r t = 0, we must have X r t = 0. This can be solved by
which generically have two branches of solutions, to be labelled as k 3+ and k 3− respectively. The t r and r r component of the Einstein equation reduce respectively to
and the scalar equation of motion reduces to
Note that e can be obtained from the θ θ component of the modified Einstein equation. In the above three equations, a, c, σ, p, ρ are unknowns, thus more equations needed to close the system. The two extra equations come from: the matter energy-momentum conservation, which implies
and the knowledge of the equation of state for the relativistic star p = p(ρ).
Thus, we can solve Eqs. (26, 27, 28, 30, 31) to obtain the compact star solution in mass-varying massive gravity. Near the center of the star, we can taylor-expand a(r) = n=0 a n r n , c(r) = n=0 c n r n , σ(r) = n=0 σ n r n , (39)) and σ is the environmental scalar field. The graviton potential parameters are α = 2, β = 3, which leads to k3+ = −1/3 and k3− = −1 for the two branches of solutions. The two branches of solutions are only slightly different from each other in the top two plots. We use geometric units G = c = 1 and express dimensionful quantities in kilometers. The mass parameters are chosen as m = 1km and mσ = 0.05km. The matter energy density at the center of the neutron star is chosen to be ρ0 = 0.001km −2 .
Regularity of the solution at the center requires that a 1 = c 1 = σ 1 = 0. Plugging these into the equations of motion, we can perturbatively solve the equations of motion. To order O(r 2 ), we get
where p 0 is determined by ρ 0 via the equation of state p 0 (ρ 0 ) and ρ 2 depends on ρ 0 and σ 0 and is easily determined once the functional form of the equation of state is specified. Therefore, the free parameters at the center are ρ 0 , a 0 and σ 0 . However, as we shall see, two of them will be fixed by the asymptotical flatness at infinity, up to some discrete sets of values for, say, (a 0 , σ 0 ). Numerically, we integrate Eqs. (26, 27, 28, 30, 31 ) from a point near the center of the star (r/km = 10 −8 ) to the boundary of the star r = r s where ρ(r s ) → 0 (the threshold being set at 10 −10 km −2 ), and then set ρ(r) = p(r) = 0 and integrate from the boundary to a large r. Via a shooting procedure, we can tune (a 0 , σ 0 ) to obtain asymptotically flat solutions such that σ(r → ∞) → 0 and b(r → ∞) → 0. Our model Eq. (3) is Z 2 symmetric in σ, so without lost of generality we can choose the value of σ to be positive near the center.
By Eq . (24), we can infer that d = r 2 /(1 − k 3 ) 2 , which means that r is not the radial coordinate that asymptotes to the standard Minkowski metric η µν at infinity. The standard asymptotically Minkowski radial coordinate can be obtained by a constant re-scaling
such that in the new radial coordinate we have Fig. 1 . The radii of the stars for the k3+ and k3− branches are 11.26km and 11.30km respectively.
IV. NEUTRON STARS
As mentioned in the last section, to obtain a neutron star solution, we need the input of the equation of state p(ρ). However, the exotic nature of matter inside the neutron star, particularly in the strong gravity environment, is far from what we know or can probe in the current particle/nuclear physics. Therefore, our knowledge about the equation of state of a neutron star is rather limited. There are quite a few theoretical models for the neutron star equation of state such as the APR model [24] , the SLy model [25] , the Shen Model [26] , etc.
In this paper, we will make use of the APR and SLy equation of state, both of which allow for a neutron star whose maximum mass is greater than the most massive neutron stars observed so far such as PSR J1614-2230 (1.97 ± 0.04M ) [27] and PSR J0348+0432 (2.01 ± 0.04M ) [28] , M being the solar mass. The APR equation of state mainly describes the liquid core of a neutron star. It is obtained by the variational chain summation method, using the new Argonne ν18 twonucleon interaction. When the two-nucleon boost corrections and three-nucleon interactions are also included, the maximum mass of the static neutron star can be in-creased to 2.20 M [24] . The SLy model, on the other hand, takes into account both the liquid core and the crust of the neutron star using the Skyrme-type effective nucleon-nucleon interaction, which provides a maximum mass limit of 2.05 M for a static neutron star [25] . The equation of state of the crust is obtained in the zero temperature approximation, while the equation of state of the liquid core is calculated when minimal npeµ composition is satisfied. Analytical fits of these equations of state have been obtained, which are easier to use for our purposes. Defining ξ = log ρ/g cm −3 , ζ = log p/gcm −1 s −2 , f 0 (x) = 1/(e x + 1), the equation of state can be written as [29] ζ = a 1 + a 2 ξ + a 3 ξ 3 1 + a 4 ξ f 0 (a 5 (ξ − a 6 )) + (a 7 + a 8 ξ) f 0 (a 9 (a 10 − ξ)) + (a 11 + a 12 ξ) f 0 (a 13 (a 14 − ξ)) + (a 15 + a 16 ξ) f 0 (a 17 (a 18 − ξ)) ,
where the fitting parameters for the two models are given in Table I . The radial profiles of representative neutron star solutions are given in Fig. 1 and Fig. 2 . As we can see, for a given set of parameters, there are two branches of solutions, corresponding to the different sign choices in Eq. (25) . Although very close to each other, the metric quantities A and C and the matter energy density ρ for the two branches are not the same but differ slightly from each other, while the scalar field σ is relatively different for the two branches. The Ricci scalars of the two branches differ significantly well inside the star but are almost the same when approaching to the surface and outside the star.
For the solutions in Fig. 1 , the scalar field quickly falls off to zero radially. But this is not the only solution we can have. By tuning different values of (σ 0 , a 0 ), we can actually find a sequence of asymptotically flat solutions for a given ρ 0 . For these solutions, the σ field "oscillates" a number of times before setting down to zero at infinity (see Fig. 3 ). For m = 10km and m σ = 0.05km, we can find four extra such kind of neutron star solutions, and for each extra half cycle of oscillation (up to a certain number of oscillations) there is a unique extra solution.
But the number of the extra solutions seems to depend on the values of m and m σ , at least under our current numerical accuracy. In particular, we find that the number of solutions increases for bigger m and as well as for smaller m σ .
One intriguing observation of the bottom plot of Fig. 3 is that there is some kind of approximate reflection symmetry between the ADM mass M at infinity and a 0 near the center of the star. Note that in our numerical scheme we integrate from the center of the star to the infinity for which we choose appropriate σ 0 and a 0 to find a solution; Alternatively, we could have integrated from the infinity to the center for which we choose appropriate σ 0 and M to find the same solution. Therefore, this apparent Fig. 3 . We see that the mass of the neutron star M becomes smaller for a larger σ0 because the matter energy density decreases when σ0 increases. reflection symmetry suggests that there is some kind of symmetric connection between the two sets of boundary data. Also, we see that for bigger σ 0 the ADM mass can be significantly smaller than the corresponding value in general relativity. This is because when σ 0 increases the matter energy density ρ decreases, most significantly near the center (see Fig. 4 ), which seems to suggest that for larger σ 0 the scalar forces can significantly alleviate the gravitational attraction.
Similar to the case of hairy black holes [16] , the effective graviton mass in this model can become very large near the center of the neutron star but decrease very rapidly away from the neutron star (see Fig. 5 ), thus easily evading all the current constraints on the graviton mass [11] and other tests of gravity [30] . We have computed the mass-radius relation of the neutron star for both the APR and SLy models for different parameters in MVMG; see Fig. 6 and Fig. 7 . We see that in mass-varying massive gravity, for the same equation of state, the maximum mass of the neutron star can be raised for both the APR and SLy model, compared to that in general relativity. The patterns of the modification to the mass-radius relation are quite similar for the APR and SLy model. Interestingly, for the steepest part of the mass-radius relation, the modifications are small for both of these two models. which are less dense than neutron stars. For the white dwarfs, we employ the simple Chandrasekhar equation of state, which is given by [31, 32] 
where x = 3 3π 2 ρ 3 /(m 3 e m p µ e ), m e is the electron mass, m p is the proton mass and we choose the mean molecular weight per electron µ e = 2. Note that we have set the speed of light to 1. The classic Chandrasekhar limit states the mass of a white dwarf does not exceed 1.44 M in Newtonian physics and 1.405 M in general relativity. However, recent observations of type Ia supernovae seem to prefer a larger maximum mass for the white dwarf, and it has been suggested that there may exist white dwarfs with the mass ranging from 2.1M to 2.8M [33] [34] [35] [36] [37] [38] . To reconcile the theoretical predictions with observations, an improved equation of state may be considered. Here, alternatively, we see that the same can be achieved by replacing general relativity with a massive gravity theory. In Fig. 8 , we plot the mass-radius diagram for different model parameters, and find that a white dwarf with mass 2.9M can be obtained. Generically, a greater maximum white dwarf mass can be achieved for a smaller m or smaller m σ .
Probably not surprisingly, we also find sequences of white dwarf solutions where the scalar field oscillates radially to zero for a given central matter energy density, in addition to the solution where the scalar field decreases to zero directly, which is very much analogous to the case of neutron stars in Fig. 3 .
Finally, we may also compare the relative strengths between neutron stars and white dwarfs in constraining the MVMG parameter space in terms of the ADM mass deviations. In Fig. 9 , we plot the contours of constant ADM mass deviations from general relativity for a neutron star with central matter energy density ρ 0 = 0.001km −2 and for a white dwarf with central matter energy density ρ 0 = 1.2×10 −8 km −2 . We see that greater m σ and smaller m tend to have greater ADM mass deviations, and neutron stars tend to better constrain MVMG for larger m and m σ while white dwarfs have a slight advantage for smaller m and larger m σ . 
VI. SUMMARY
In this paper, we have investigated the compact star solutions in mass-varying massive gravity. In the conventional weak gravity or cosmological environments, the mass of the graviton has been constrained to be very small, and if the graviton mass is of the current Hubble scale, the massive graviton effects may account for the observed late time cosmic acceleration [11] . However, for such a small graviton mass, its effects on compact stars is negligibly small. In mass-varying massive gravity, the graviton mass can vary in different environments, as de-termined by a scalar field which takes different values in different gravity regimes. We have shown that the graviton mass can be extremely large near the compact stars while quickly decreasing to its cosmological value away from the stars. This is exactly the same as the case of black holes in MVMG, which has been previously investigated [16] . The effects from the massive graviton and the environmental scalar field can be very small or significantly affect the mass-radius relation of the compact star, depending on the choice of the parameters in the theory. Also, we have surveyed the MVMG parameter space (m, m σ ) for deviations from general relativity in terms of the mass of the compact star. We see that neutron stars can constrain MVMG better than white dwarfs for larger m and m σ , while white dwarfs have a slight advantage for smaller m and larger m σ .
We have found that there typically exists a discrete tower of relativistic star solutions for a given central matter energy density. In this tower, the star solution with the highest mass corresponds to an environmental scalar profile that falls directly to zero, while the scalar field oscillates to zero for the solutions with lower masses, exactly one solution for each possible oscillation pattern. We have also found that the number of possible solutions in the tower depends on the parameter m and m σ in the theory.
